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Abstract Forgetting plays an important role in knowledge representation and reasoning. It has been extensively studied
in many logics and been widely applied to various fields. Modal logic is suitable for representing and reasoning about the
knowledge of agents. With the development of the research on multi-agent systems, the investigation on knowledge for-
getting in multi-agent modal logics begins to attract attention. However, knowledge forgetting has different properties in
different multi-agent modal logic systems,and it cannot be effectively computed in most cases. Therefore,it is necessary
to make further investigation on the knowledge forgetting in the multi-agent modal logic system KD45,. Firstly, the
knowledge forgetting in the multi-agent modal logic was defined based on model theory. Then, the main properties of
knowledge forgetting in KD45, were analyzed. Finally, an effective algorithm to compute knowledge forgetting in
K D45, was provided. The computing algorithm adopts the idea of knowledge compilation which is an approach for ad-
dressing the intractability of a number of artificial intelligence problems. The alternating cover disjunctive formula is in-
troduced. By compiling the general formula into alternating cover disjunctive formula, knowledge forgetting in KD45,
can be effectively computed. The time complexity is double-exponential in the length of the original formula,but polyno-
mial in the length of the compiled one. Compared with the current non-elementary one, the algorithm is more effective
and more practical. The results of research show that knowledge forgetting in KD45, satisfies many important proper-
ties and can be effectively computed.

Keywords Multi-agent modal logic, Reasoning about knowledge. Knowledge compilation, Knowledge forgetting
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HEIE 1 BTN — A~ BRI st A5 e — > A AL AR R e 5
DR TE 5 0 s S A T G 2 AR RS B

it 2 HEANX g€ M p€ P.pg=KForget($,p) M
HIEAR ¢ € L' =¢ H var($")Svar(P\{p}.

ERH X FALE p" € Awar (¢) . IR($.p") . HATIE 6
"1 g$=KForget($.p'), % ¢ =KForget(KForget($,p'),
) Bl ¢ IR ¢ i m A war($) U {p) PR F a2
FHER., B8R, ¢ =0, a1 TH, ¢ 5 P\var(g) U
{p R R 7 A B S HH 26, R LA ‘Uar(¢,)gvar(¢)\{p}o
IEHE,

#Eie 2 FEA UL I AE 8 SCHTR 8 IR B, AR n SCER[49 ]k
IBFE B A var($) Svar($\{p}.

W7 R RREISEERE KD45, P FAE
BAR g€ YHE T p€ 2 MHELEAR ¢ € VfiTh ¢'=
KForget($,p).

il 7 R A2 B RRIR RIS B KD45, AR IS
B E Y.

AW AESCHRL28 ] S Al b M ANR B IR e XY R B £
BRI RS KD45, 1 iZ0E X [49] e L 25
FE M50 285 78 R A TR0 1 A SCABC T B A O 0 R T S o
17T —2 001, 0 e S0 KD45, H i 1= 09 11 5 $2 44t
XA

= I

4 KDA45, HH [ FRE T8 & IR & IEF

SR SCHR49 10 B 45 2 %8 Re MR 25 3 B A 4t b iR
R T T 1 AR RO AR R IR AR W) I ] S A L X ™
TR TR E R R SEBR T . AT A KD45, AR
S8R R L TE T R 35 O B L e AT IR g, DA T £
o AR R T R R AR

HAR G 1, R0 T A AR AT B 21 8 25 1 R T 0T
BARFEMEH LRG0 — D B 3% BOW R E 45k
B A FIR Y L AT 4 R 7E R M B AR . IR R R 1 G
AR H AR B R RS RATIR S KD45S, H A R T AR 8 s 3T
B EAR R B

BT T E A 2 BT () AR A B 8 X
N5 Z MBS E 1L (Negation Normal Form, NNF) ,

EX 11 GBS ZEMN NNF /] HE LT .

eii=1LITlpl=pleVeleNolKiplLg
Hi.p€2i€d Lig=—(K,—~¢,

16 NNF 1, B EH T (=) RAVEN TR T, fr
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H NNF ARXMESIEHN Lo B Lar T

W8 HEMCBEMKEEZBRAN ¢€ O WEAEARX
©€ Dyvr TR 9=¢ Aol <[4l

R H— (Ve =—p A —p. 7 (pgANp)=—¢V —o¢,
—1=T.—(Lip)=K,(—¢) .~ (K,p)=L,(—¢) A[iF I 5.

i 8 RN AT EMRE BB A XY H4h 522 E MM
NNF, BAR S FHA XK E K,

L B A I b A TR A R S
AR T WM. RATHIEF A KD45, A AGE TR A 2
BHCAL TN AS) L THBE S T —F R S T2 R E
BinE,

TR AR i€ A, SZMEMBER T HK KL, %
O,€{K,,L;}, Q€ { AN, V). & O RO, (o)), M FRIEH
T O, HEMETHEE T O, M. f£4RX K, (L; (Lip)
TOEERT L ERiRETHRER 7K. .M L, A2HBER
ETHREHTK..

EX 12 HEAR o€ LB PRI TES
ZHXRWESEFRAEERETSHA S LNESH
F OB AEAR ¢ B RE M EAR,

iR RAEMEEAXWESIEN 4, B8R 4, CY,

B9 HEMLBENREEH AKX g€ 4% KD45, ¥y
FHEAR ¢ €L, L ¢=¢ HI¢ [<[g]29%,

TERA . BT KDA5, A3k ¢ 5 1 1% 3 1 A I L HE A mT 2

K, (Oa AD=0a NKp D
K. (O VP=0aVK}p (2)
K.((Oa ANV N=(0aV K1) NK, BV (3)
L(Oa AP=0a ALp (4
L.(OaVR=0aV Lp (5)
L0 VR AP=Oa ALY VL BAY (6)

F LR AR X5 28 20 ¢ ot B[R] — 2 i 1R AH 5 114 A
SHFHEERENTFARIATEN TR, WA B8 5250
MBI LA ¢ . A BN MR 6) & FHARK
KRB 2 50K A B 2T (d () — 1)
BOURBAE 4 [<[gl29%, GEEe,

AR 9 FW] . E KD45, T AT BT % 4 20 303 n] 5 a3
S e, T B S TR — A RE AR 56 AR S BT 22 T T ik
AR T AR KE LGRS K.,

Janin FEXL T —MFRMBEESH T — HEESH T
(VU IEAE A b 5 T 8 35 4 BUA 3 (Cover Disjunc-
tive Formula,CDF) . #f 5% 25 5 38 W1 3% 47 B0 30 T Jn il
BRI B, AT B KD45, T A g
PR R AT LA 2K

EX 130 BB ES JHMARES oS EHH
BAE TV, AlEH.

V,@i?é\@L,gp/\K,(?\e/@go)

Hrplic o,
AR 10V AE £ AR s L SR AL (M, w) , HoHh

M=W,V,R,,*,R,),(M,w) £ v.®, HAL M LT
%A

DX FAE R (wyv) €ER, L ETE € @ i1 (M,v) F o;

DX TFAEE € O, fF7E (wHv) ER, 15 (M,0) F ¢,

i 10 £ . (Myw) F V0, M HMNY wEM P i )G
AT o R AAUKE & FIAX B O BEET w Wi )5
ghari 2 AR, FIESH PV, Wl B HEESH
F7, BAVATI=T.vi{L}=1,v.0=K, L. £ KDi45,
h,v.0=1,

EX 1400 RN IA AT 5 e LT .

pi=LITIaAVi® A AV, D, ¢V o
Hp o e — MBS F BB Dy, D, ¥R 6 HTEA
LA RE,

i CDF AXERIEH Lor » BIR Yoor T Lanr o

w1 HELENREZEARX € 4 % KD45, H
WHERAR $' € Yopr s p=¢ H ¢ | =027 154y

IEBT AR — et RATTBOE ¢ 2 NNF A, Tl
N 300 VA1 2 o LA s R

1 =1 @
T-=T €))
1" =1 9
(K@) " =Vl } 1o
(Lip)" =V:{e T} an
(pV @) =¢" V¢ a2

B T B0 B B A B O A — o A T R T L FRATTHE A R
BFEENO, Hp 0 BARMAXMES.

B oA PAEBMT, L.V ¢l ATHAXE,H
T e e R

(AN@UI{TI =AD" as
(AN@U{LI» =1 as
(AN@U{pV gD =(A@U{e}" V(AU

{1 s
(A @U{AT))Y =(A@UP)" (16)

oW AP AAEEHMTH LK oV HATHL
2B, ) AT B A S F B S SCFE (K B L) . & &=
o, Ut Ut U--UofUo), K &, Bl L FIES,
QRN @ L4y BB CF Kip M Lo A 50 m)

(ANDY = NPy A N, VD, an

(AN AT " €W, U(T}}, OF#0
Hrr, @, = = {¢l
{(CATD" }, QF=0
Kip€E® ), W,={g|Lo€EdF},

IR A IR (7) — (17) B A e s, kT W AT
NNF AR ¢ Al M CDF AR ¢ . ETH#ZFS
B0 A B R B g Y B A Sk (12 rh AT 2Bl e,
A RPN TER] . 2204 B B K 2 Sl 4 0 =X (15) A
KADFH, W,
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firdl 11 2B .78 KDAS, ™ AE A A B 1A R T 5 4
NEZHEME CDF AR ERKRHE LT AXKE ST R
R

MRIR L3 5 v 2L R A8 T 2 =R B 35 4 B =i
e 2 J5 » v LLAS )38 B B 35 28 20 (Alternating Cover Disjunc-
tive Formula, ACDF) ,

EX 15 HEMLEMN CDF AR € Yopr » R R AL
BHTFV WAREZERE, MZ AKX N ACDF AL,

ACDF AL EIEH Yacor s BER Lacor T Lovr o

EE 2 HEMBRMESZEEANR ¢€ 44 KD45, HF¥)
TIEAR ¢ € Lacor T p=¢ H ¢ 00K 1 B M5 00 F M
ST ¢ A S WE GBI K .

TERA - F A A 8 A A 9 A 11 FIIE,

SER 2 R, FE KDA5, vh AT 2 2 AR AT 45 M0 % 46 il
ACDF 2320, ZE RN I T A K B & WER SR K,

Bl 1 8% ¢=K (LipV L) NK, (pD) NK, (pAr),
M H 240 19 ACDE 223 W

=L pVKi L) NKi (—pV ) NK.(p A )

=LipANK (—pVPANK, (pAPDVEK L,gANK, (—pV
ONK(pAr)

=Vi{—=pVg.pNgg ANV {ip ANr}VVi{—=pAV:{qg, T}V
gANV2{g:s T} AV {pAr}

5 KD45, HAIRETHITE

fE KD45, T, — i 5 35 38 18 2 L5 0 7% 3 o ACDF 24
3, BARS BE— AR E A BE R E TR R s AR T B A
PRV s R B ok
5.1 MRETIHEEE

TEA AN EREL I —Hil s B 5B e M2 a0, &
1545 th 5 Z3F B AR 26 /P 4~ 51 8,

EX 165 ERKE (M, w), Hith M= (W.,V,R,,,
R)OVUKBR (M ,w), i M =W ,V',R,,.R,),
(M) S (M w) [ A T A8, 24 1Y G 2 51 4% 14
I

DW' =R (w);

2DV () =V (w) , MR weEW’;

IR =R NW XW",

B (M, wo) (19 4 B 455 280 B4 25 08 A Y ATt 5 w th &
ALK T RE T A IR B B Z W56 & .

R 12058 FE (M w) g (M, w) B A T, 7
MERHIL(M,w) > (M ,w) .

EX 17 KD45, B (M,w), Hitf M= (W,V,R,, -+,
RN Z M bs i KD45, B, 24 B AL 24 Hoph 2 R
P .

DA u€EW, (u,w) €ER;

DR () NR; ()=, iFj;

DM TAEE B GER 1 F B u € R (w), & (v.u) ER; LM
vER, (w) U {w) H j=i,

P D UL S FT R A w A R A PR 2)
VAW A — A Ret AR A R w B i R R w W) )5
kG s P DB w ¢ JFARUA K A R, (w) U {w) 1Y
A, Hl KD45, FA 3k 36 R ML s b nl 5w (9 0 Sk i
JE Ak w 1Y 7 fE4k,

SIHE 1 HELEN KD45, HE(M,w) I fFE—15
Z A bR E KD45, B3 (M ,w") .

TEW - 4 (M, w) B A BT B (M, w) , 88 (M, w) <>
(M yw), REBIETELE bRt KD45, #8 (M "), il 2 (M,
wy (M w’) . M w) A B AR KD45, SRR, @54
W7, BE (M ) A RRFRifE KD45, #8,4 M = (W', V',
R/ R WA 43 SIE B N R .

DHEHFIE u€EW L (u,w) ER', MERA (M "), M =
W' V' ,R'y,~ R, H.

OW'=W' U {w} . W N{w'}=0;

QV' (W) =V'(w) . & €W U V' () =V ()

AR/ =R,/ U (/. w) |[uER/ ()},

R " ST R o, AR w0 (9 H M w0 Y
B BIEWM W) S (M w) BERRLE KD45, #5, H i
JEARIE KDA5, SRR D,

DFE R () R () # Qi . AW, #/ 2
R/ () MR, wy={u"} . WA M o) i A i TR U,
S BRWM Do WU WD R A U, 0 U= (WY,
VU,RY .+ ,RV), & W NWY=0, A f R (M, w) M=
W', V',R," =+ R, Hrp.

OW'=w’'Uwv;

@QueEW V' () =V" () ;v€ WY,V () =V () ;

@R =R, URV,i#j;R” =R’ URV\{(w,v) |v€E
R/ () U{(w, 0 |[vERV (W)},

B Al A BB (U7, o) L W TR SRR R o w0 9 5 M3
WU  WHOMRARU, w BEREXLE j L, HIEWM W) RS
(M) ALY KDA45, BRL, FL 2 bR KD45, B8P R
2).

D W ER (w), (W ') ERY LA AR BT R
3D, JUAT & 43 S PR AF O

Qv ER (w) U fw) H j#£i, AIHESZ OHELN
KDA5, BERL W ER g . ELOR R . 1 58 SR, D)
BAERTHEE WU WD BRM D)o U ) E M
W WHOWEIAE U, w . U= (WY, VU, RY, . RV s ), 4
W NWY=0Q, il # 35 B8 (M, ), M= (W, V', R/, =+,
R, K,

(ADW'=w'UwWY,

(B)vEW V' (0) =V () ;0€E WY,V () =VV (v),

(OR”=R;URY.,i#j;R,"=R; URV\({ (v, v) |vE Q}
UXQ U {w s v €{v'}UQ.vERY (0} .Q=R'; (),

HmE S5 H 1R 2) 2L, B A T RLEL (U,
u) WA R S O AR L S WU WD RENAR WU, W
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WHEXE i, HIEM WD RES M w) B RE KD45,
PR, FL 2 X FAT B e i AT wE R (W) (vaw) €
RH vER (W)U} M j=1,

@v eW' /(R (w) U {w)). [FEFHESZ 5
KDA5, Bill, i BRX g ol . HAg s B 5 O,

g5 L prak 6T ORI R bR E KD45, 158 8P i B9 KD45,
LR ’ﬂ*’hih A5 2 BRLEY KDA5, B8, ff i R X
e, I 1 fSUE, UERE,

WJZ WA 1) PR, (M,w) &—4 KD45, A, Hop
M=W,V,R,,R,) W= "{w, v}, E & B & LR EEH
B AN A B 7 R 2 2 A ] R S AR R, A 1l i o Al
ARt A Z M A X R, WA, KA R —MrdE KD45, #
B, WE 1MW) PR, (M w) E— AR KD45, #A, Hof
M =W,V ,R/'\R.,) W ={w,w, sWs sW; s0s02 } o Wi sWs
Hl oy B2 w WA R A 72 B R os B ATRY IRDE 35 5 R
FIA T I v, S v MRIAS, SRR BT B E 39 S K 6
WA, 2 o= {(w,w ), (wow) s (wews) s (waws ) s (vy0) s (v,

)b AHERE (M, w) = (M w,)

W

&9 & @)@

< l
w, v,

(b)

1 FbRifE KD45, 58
Fig.1 Standard KD45, model

FRUfE K D45, K28 B 5% 0] 7 fi T AL PR, B AT S o i
AT T AREAL SR 5 SORT I 28 AR T AR A X A

SN TP 38 s s PR IR B e

EX 18 HEBA (M, w) , Hh M=(W,V,R,, -,
R AR (M ), o M =W, V',R," -, R, , (M,
w) N (Mow) 25 i 14 A A0, 2 B H s 2 R 4 2% 4
it

DW' =R" (w);

2V () =V () AR uEW’;

IR =R, N W XWH\{(w.v) [v€QyUQXQ), Hrf
Q=R (w),

IR (w) [ =N, Bl w B N, 4 i G4k, 4 uyw €R, (w)
w B R A SR8k W (M w1 25 @ 30 A BT AR Rl (M
wp ) s i MP = (W* ,V* R} s+ R . REBA WHHER
AHAE  FRATT AT 58 S0 ik X A AR

EX 19 HEBEM (M. w . Hdh M=(W.V.R,. -,
RS W(M o) 2y (M, w) 18 4 ff FE 3 BE R, Horp MY = (W7,
V'.R," .= ,R,D Bz XWF .

W'={w)UU UW’*'

i=1k=1

V' () =V (w) , MF e W* , U V' () =V*(w) ;

— L;[Jl kL:Jl]R;!»' U{(w,w) lu€EQ} UQXQ,Q=%‘L:J’]{L1,,J Vo
G P AL BT EORAE Y T R B A Ak R

P AT REAL SRS P AT S R kL CE AT

Z A ¢ K.

SIE 2 bR KD45, BERL(M, w) , T H 43 fff P 35 45
(M w) JEbrifE KD45, B, Ht R (M, w) < (M, w)

TEW] AR KDA5, B3 (M, w) B 5043 i T 3 A 750
B & ATk,

B3 WE 2 FiR. (M w1 ) PR B8 (M,
wp) A RS R, o M7= (W, V7R, R, I T
WHE S XS 2 M. B, (M w) R — R ifE KD45,
AL, H (M w)) > (M w)

B2 5 fif F A AR

Fig. 2 Model reconstructed with decomposed sub-models

HSIE 1 ADI 2 ATAR KD45, fiHs s m it e i,

EE3 HEMLE ACDF A & HAINEE KForget
E T ENT .

DKForget(T.p)=T;

2)KForget( 1 .pp=_1;

3)KForget($\V ¢, p)=KForget(¢$,p) NV KForget(gp,p);

4)KForget(m\ /I\V,‘I),‘ =1 nN, Vi{KForget(g,p) |
0ED; |,
o I MBS p AHEH ST (p B — p) Z )5 W Ay i
LFEH,

TEB . 3 3 TR 1A 2) B4R ST s A AL 5
BT . Ik, R IE 4.

L E=nN /\V,@; sp=7 A /\ Vi {KForget(g,p) o€ &, }
T UE KForget(&, p)=n. A A5 509 2 SGIEB T

DRR.EEpH IR p) . HIL X FAEEN M, w E &,
A M, w) Fg. 25 (M,w) <, (M), B fir i 1Al %l
(M ) E g,

BEALER KD45, BRI(M ,w) kg Hf M =W,

Al 3)

V'R, ,R,) FHUF{ETE KDA45, BB (M ,w) i B (M,w) E
€ H(M,w)e, (M ,w'), T 5 H R s,

B 1 AL AFAEARHE KD45, B (U, w) b U=
(WU, VU,RY, -, ROl B (U, )= (M ,w)., M ,w)F
AU E g B w o2’y 5288 AT A o AT B R <o Wl 2
T & 52 ACDF 243X, fhy I3 44 {5 8 7T 40
i ACDF A3, M 5 FAEE (wowa) ERY, (Usuy VB Z5 i

wkr Hu=, w,
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WHERCTF R (U™ s wy ) s HETE @0 € O W (U, up) F
KForget(gy »p) o HAIPE IS E LA, 1] # i KD45, f&]
T M oy ) i (M i) Fogn B (M s ) (U yug)
U ) W w B — A5 S5 5 M s xR B
(M* ) Jiid My = (W ,V* ,R¥ -+ ,RY), [RERA W
VLR A wy FBEASFASE MW 1 38 (ML w) s M= (W, V,R, -,

n N
R, Hrp . W= U] )7U1W"k U{w)s# ok p W V(w) =VY () U
{p}» BEM V) =VY QMR veW* IRA V(w)=V* (v);

R=U UR Ul [0€Q1UQx Q.= U oy ).

AR 1 A AR A0 A P AR A T AR 2R, i1
2 AL, (ML) & KDAS, 8, H (M, w) <, (M, w')

H 4 3 3 AR T X FAR R« € R, (w) s MR TE ¢ € D1
(M) E gus B TAE R on € O WIFTE W €R; (w), (M,
W) Eon. WA M,w) E V@, #E1li (M,w) F &, JELE,

L3 XFTLER ACDF A & HAMN = KForget
(& ISR JE ACDF 2438,

B4 #E =K (LipVL) ANK, (pDO ANK, (p A ),
T8 KForget($,p).

p ) 1 E]

d=Vil—=pVa.pNg) AV {pAr} VVi{—pAV:{qg. T}

VgAv:{g, TH AV {pAr}
B A
KForget($s p)=Vi{T.q) NV {r} VVi{TAV:2{qg, [} V
gNV2{g: TH AV ir)
=Vi{T,qt AV {r} VVi{V2{qg, T}} AV
{r}
=LiqgNK:rV K L.gANKyr
5.2 MABEHHEEEESERESH

TE KD45, W 8% — M 8 B A 4l — R 5 1 H1HR
o PR e M 5 M Y ACDE A2, R 5 BT E T 3 1)
A RO AR, B ARSI 1 PR,
8iE 1 i KForget($,p)

HA:$C Y

it . KForget($,p)

LS ¢ B HHEM I NNF A0 ¢

2. BN ¢ SN RE W EARK ¢
ORI ¢ AR I ACDF A ¢
IR HCGE R 3 1T KForget($”,p)

. Return KForget($”.p).

TERD 1 L5 4 P R G IS ACDF 2200 iR s
ELHITHE S RMIER R 2 3 4. B, ACDF A
TR 8 A A T B T 7 R S B ) 4 e e I P 5

Lil=1gl BRAX g WRE, HE 1. 15HE L
B 2 P B [ P 52 B, Pl A A 8 RT T | g7 [ <S5 2 2Bl e | 4|
B 22 3 = ) CE £ % 22 9 =X i) TD) ;9 58 . b A i 9 T 4,
7| <1 g" | X2/ T d(gH<<I¢" | k| " | <X 2358 3
TR | ¢ 1Y 22 03X ) CER 2 B0 2845 St 18] 9 58 8, ih A

= w

ot

1L AT, g7 =0 ¥ iy (/[ g7 | =00 ™) 1
IR E LT M 5 3 i3 ACDF 2 XA X F IR AR (4 K
B S P8 O 55 4 BRI [ g7 | AL i1 RV 2 f XL
ik DI S i A P I A S - N7 1 N Nl 21 I =/ S5
O™ B 1 g WU g RO 1) . %S MR T SCEk[49 ) eh
MY AR 55 I 1A 52 % R AR L TERCRE AR R TT . H. L 1E
d(P<| gl (BAIARK ¢ MTEEZ/NTEMKE WEHLT,H
I T 52 % B8 o 3 548 B 1]

HRIE ALINRLZERAEBESEBRG KD45, T
FPLER L, PR R FW . KD45, RS sE&REMm
T 0 M T, R R R S5 M R Y R B S
WA R KD45, A B ARG Rk T EESZ A
2] 3 A R G 128 S A B 4 R R R BT BGIE A ——AC-
DF 283 £ J0H 4 3% . KD45, H B9 1R 58 5 ol A R 5
HoAH SR 8] 52 2% BE A 4 R O 2 2 22 300 =B ) T2 2 L
TGO ED 5 IA SR A L, KRR T T AR R S R T A

=205, — 7 [ % R AE KD45, Tl A HE 4 A Al
il (distributed knowledge) 1/ # 137 (common knowledge)
TEA R RER AR Z 5 HR S R TS RS, 55 — 7 T, B 4k
SRR 76 HAh 22 B AR B 2 4R R 48 (BN S5,) T TR s s
TR

2 % X M
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