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Abstract

Quadrics are of basic importance in Computer Graphics and Computer Aided Design. In this paper,we

design a subdivision scheme based on the method suggested by G. Morin and J. Warren to generate conics and
guadrics conveniently. Given the control polygon(poly-hedron) ,the corresponding ellipse(ellipsoid)can be penerat-
ed. The hyperbolas and hyperboloids are generated based on the generation of ellipses and ellipsoids by a simple
transformation. The method in this paper is much simpler and easier to apply than those given by Eugenia Montiel

et al.
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1 Intreduction

Subdivision is an important method in geometric
modeling, and it can be looked as a generalization
of spline curves/surfaces under arbitrary geometric
topology. Since the first subdivision scheme for
surfaces-the Catmull-Clark schemel appeared in
1570s, subdivision techniques have been developed
rapidly in recent years,and have been widely used
in Computer Graphics and CAGD for its simplicity
and efficiency.

Although there are many subdivision schemes such
as Loop scheme™l, Butterfly scheme™ etc. , these
scheme can only generate a limit types of curves
and surfaces. Even for some simple but of basic im-
portance curves and surfaces such as conics and
quadrics, these schemes are invalid. Sederberg et
al. [ described a subdivision scheme based on the
extension of NURBS that is capable of represent-
ing sphere and cylinders. However,due to the fact
that the rational parameterizations for these sur-
faces are non-uniform, the resulting subdivision
scheme cannot represent these surfaces in their
natural acr-length parameterization and the imple-
mentation of the scheme is complicated. Eugenia
Montiel et al. ¥ also presented a subdivision
scheme to generate quadrics. The scheme is an non-
uniform interpolatory subdivision scheme,and the
basic idea of which is as follows; given the initial
points on the ellipse as the control points, the
points on the new level are computed by the two
adjacent control points. In order to compute the
new level of points,it need to compute the subdivi-
sion mask according to each new control points.
The method to generate ellipses by the scheme is
much more complex.

In this paper,we propose a new subdivision scheme
based on the methods developed by G. Morin et
al. ! to generate conics and quadrics conveniently.
Given the control polygon (polyhedron),the corre-
sponding ellipse (ellipsoid)is generated. The hyper-
bolas and hyperboloids can be generated based on
the generation of ellipses and ellipsoids by a simple
transformation. The methods suggested in this pa-

per are much simpler and easier to apply than those
given by Eugenia Montiel et al. (2]

1.1 Curve Subdivision Scheme

G. Morin, J. Warren et al. described a simple and
efficient non-stationary subdivision scheme of or-
der four to generate circle and surface of resolu-
tion®). This curve scheme unifies known subdivi-
sion rules for cubic B-splines, splines-in-tension
and a certain class of trigonometric splines capable
of reproducing circles. In the following we firstly
introduce the scheme (We call it M-W scheme)for
close meshes.

Given a uniform knot sequence T of the form

IBAZ = {'"v"zﬁu_ﬁnovﬁhzﬁln"'}
the knot spacing between successive level is related
by a factor of two,i-e. ,,B;=%ﬁg_1- Since the initial
knot seguence T, is centered at the origin,the knot
sequence T, is a subsequence of T,. The subdivid-
sion mask associated with knot sequence T is

1= g (102 2 2 24+ 20, 1)
(1. 13
where a,(a,==—1) satisfies
= /%' 1. 2)

Theorem 1. 117 Given ﬁo=2;7r(m>2),ao=cos[ﬂo:]

and a regular m-gon as the tnitial control polygoen,
the resulting curve generated by the M-W 15 a cir-
cle.

From Theorem 1. 1,if we choose{ (%cos(%k) , %
sin (% £))}icg as the initial control points (a

square)and a0=cos(zf)=0.then we get a unit cir-

cle by using the M-W scheme. Thus we have:

Corollary 1. 2  Given knot sequence T, = *ZTEZ and
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{ % (k.cos (%k))},ez as initial control points,the

EeSﬁtlting curve generated by M-W scheme is cos
ol

g
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Figure 1;cos[x]
Corollary 1. 3 Given Enot sequence T0=%Z and

{%(k,sin(%k))}aez as the initial control potnts,the

resulting curve generated by the M-W scheme #s sin

(=]
2 Generation of Conics

Based on Corollary 1. 2 and 1. 3, we will present
methods to generate conics in this section.
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Figure 2 sin[x]

2.1 Generation of ellipses
Let
f{@)={(a cos 8,b sin 8),6€[0,27],a>0,6>>0.
2.n
be the parametric equation of an ellipse. According
to Corollary 1. 2 and 1. 3,if we choose &, =0 and

the initial control points as {%(acos(%k),bsin(%

£)) hicz(a diamond) , the resulting curve generated
by M-W scheme is an ellipse satisfies equation (2.
1). However,the resulting ellipse is not tangent to
the initial contrcl polygen. In the following, we
modifies the above scheme to generate an ellipse
which is tangent to the four sides of a given rectan-
gle(which is the initial control polygon).

Given an arbitrary rectangle, suppose the length
and width of the rectan-gle is 2a, 25 respectively.
Choose the center of the rectangle as the origin,
the lines connecting the midpoints of the opposite
sides of the rectangle as two axes. We thus set up
an orthogonal coordinate system. Connecting the
midpoints of the four sides of the rectangle in turn,

T g
zoom in this diamond by a factor 5 »We get a con-

trol polygon with verties {% (acos (%k) , bsin (%

£)) }sc 7z, Using M-W scheme,the resulting curve is
an ellipse which is tangent to the given rectangle,
see Figure 3.

2.2 Generation of hyperbolas
The parameterized form of a hyperbola is

f(8)={(a sec §,b tan 6),6€ [0,2r],a>>0,6>>0.
2. 2)

Since sec6=-—1—.tan8=ﬂ,from(2. 1and(2. 2),
cosf cost?

we can translate a part of an ellipse into a part of
hyperbola by a simple transformation,see Figure
4.

Figure 3;Left is the given rectangle; The dashed diamond in the middle is formed by connecting the four midpoints of the
rectangle ,the solid diamond is the inflated diamond ; The dashed rectangle in the right is the given rectangle (the
left one) ,the solid curve is the ellipse obtained by M-W subdivision scheme.

Figure 4:The left figure shows how to map a part of an
ellipse to a part of a hyperbola with the same
a=2 and b=3. The right figure shows the
hyperbola obtained by the transformatien.
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3  Generation of Quadrics

In this section, we extend the idea for generating
conics in the last section to generating quadrics.

3.1 Generation of ellipsoids
The equation of an ellipsoid in parametetized form
is
f(B,8)==(a sin B cosp,b sinf sinp,c cosd),
gc(0,x],¢€[0,2n),a,6,c>>0. (3. 1)
We use the concept of longitude and latitude to
simplify the process of generation of ellipsoids. We
call the control polygon tn a plane containning Z
axis longitude contrel polygon, and the control
polygon in a plane which is tangent to Z axis lati-
tude control polygon.



Given an arbitrary cubic as the control mesh, we
want to get an ellipsoid which is tangent to the cu-
bic. Suppose the length, width and height of the
given cubic are 2a, 2b, 2c respectively. Choose the
center of the cubic as the origin,the lines connect-
ing the center peints of the opposite faces as the
three axes, we thus get an orthogonal coordinate
system. Connecting the centers of each face of the
cubic to get an octahedron. Now scale the X and ¥

coordinates of the octahedron by a factor of (%)2

and the Z coordinate by a factor of % ,then subdi-

vide the longitude control polygons and latitude
control polygons using M-W scheme respectively,
the resulting surface is an ellipsoid,see Figure 5.

-
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Remark 3.1 The process above can be seen as first-
ly subdivide the longitude control polygons and then
subdivide latitude control polygcms In the ﬁrst step

Iz 22
we get two ellipses — +c__1 and =
(Ea)2 (& 5)2

=1. In the second step we subdivide latttude control
polygons which are diamonds with control points

((,/1———(:03( e, ,f sm( k)yZ)}nez

to get an ellipse 2-I— =]— = . The result surface

is an ellipsoid which is tangent to the given cubic.

Figure 5:Left is the given cubic; The dashed octahedron is obtained by connecting the centers of the faces of the cubic;
The solid octahedron is the inflated from origin Octahedron; The dashed cubic is the given cubic(the left one)

and the solid shape is the ellipsoid.

3.2 Generation of hyperboloid
The parameterised form of single hyperboloid is
J(B,¢)="(a sec & cos $,b sec & sin $,c tan &),

ee(—~’2—'~,~’-25),¢e[o,zﬂ.a,b,c>o. 3.2

The parameterised form of double hyperboloid is
f(8,¢)="(a tan B cos $,b tan # sin $,c sec 63,

BE—(0,%)U(%,n),¢€f0,2r],a,bc>0- 3.3

The generation of the single hyperboloid and dou-
ble hyperboloid is similar,so we only discuss the
subdivision generation of single hyperboloid in the
following.

Figure 5;Left is a single hyperboloid. Right is a double
hyperboloid.

We set up an orthogonal coordinate system and get
the control octahedron as in section 3. 1. We subdi-

vide the longitude control polygon and get two el-
lipses and map the two ellipses to hyperbolas
x? 2t
— =1 and
() ¢ (5 b)a
2. Then we subdivide lautude control polygons and
)
A
- 2
( 5 )]

2
z . .
——=1 as in section 2.

get the single hyperboloid
w
(5a)?
2
1,see Figure 6.

4 Examples

In this section, we will show some examples to
generate ellipse-tori and ellipse-base-cylinder using
the methods developed in the last section.

Figure 7;Left is an ellipse-tori obtained by revolve an
ellipse along another ellipse. Right is an el-
lipse-base-cylinder which obtained by replace
the circle with an ellipse as the base.

5 Conclusion and Future work

In this paper, we presented methods to generate
conics and quadrics based on subdivision scheme

(FHF39R)
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developed by G. Morin,]. Warren et al. in[1]. Giv-
en the control polygon (polyhedron), the corre-
sponding ellipse(ellipsoid)is generated convenient-
ly. The hyperbola and hyperholoid can be generated
based on the generation of ellipse and ellipsoid by
simple transformation. The methods developed in
this paper are much simpler and easier to apply
that those given by Eugenia Montiel et al. ™2\ In
the future,we will consider whether we can use M-
W scheme to generate other curves or surfaces that
have trigonometric forms.

6 Acknowledgement

This work is supported by NKBRSF on Mathemat-
ical Mechanics (G1998030600), the National Natu-
ral Science Foundation of China ( 19971087,

6 9603009) and the Doctoral Program (20010
358003)and TRAPOYT of MOE, China.

References

1 Morin G,Warren J,et al. A subdivision scheme for surfaces of
revolution. CAGD,2001,18:483~502

2 M. Eugenia Montiel, Alberto S. Aguado, et al. Surface subdivi-
sion for generating superquadrics. The Visual Computer, 1998,
14.:1~17

3 Catmull E,Clark J. Recursively generated B-spline surfaces on
arbitrary topological meshes. CAGD,1978,16(6) : 350355

4 Loop C. Smooth subdivision surfaces based on triangles:
[Master’ s thesis ]. Utah: University of Utah, Department of
Mathematics , 1987

5 Nira Dyn,David Levin, John A. Gregory. A butterfly subdivision
scheme for surface interpolatory with tension control. ACM
Transactions on Graphice,1990,9(2) . 160~169

6 Sederberg T W,Zheng J,et al. Non-uniform recursive subdivision
surfaces. Computer Graphics (SIGGRAPH 98 Proc- eedings ).
1598. 387~394

= 30«



