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Abstract The solution of the generalized dense symmetric eigenproblem is the main task of many applied sciences and enginee-
ring,and is an important part in the calculation of electromagnetics,electronic structures, finite element models and quantum che-
mistry. Transforming generalized symmetric eigenproblem into a standard symmetric eigenproblem is an important computational
step for solving the generalized dense symmetric eigenproblem. For the GPU cluster. the generalized blocked algorithm for gene-
ralized dense symmetric eigenproblem was presented based on MPI+CUDA on GPU cluster. In order to adapt to the architecture
of the GPU cluster, the generalized symmetric eigenproblem standardization algorithm presented in this paper adopts the method
of combining the Cholesky decomposition of the positive definite matrix with the traditional standardized blocked algorithm,
which reduces the unnecessary communication overhead in the standardized algorithm and increases the parallelism of the algo-
rithm. Moreover, In the MPI+ CUDA based generalized symmetric eigenproblem standardization algorithm, the data transfer
operation between the GPU and the CPU is utilized to mask the data copy operation in the GPU, which eliminates the time spent
on copying.thereby improving the performance of the program. At the same time,a fully parallel point-to-point transposition algo-
rithm between the row communication domain and the column communication domain in the two-dimensional communication grid
was presented. In addition,a parallel blocked algorithm based on MPI+ CUDA for the solution of the triangular matrix equation
BX=A with multiple right-end terms was also given. On the supercomputer system “Era” of the Computer Network Information

Center of Chinese Academy of Sciences,each compute node is configured with 2 Nvidia Tesla K20 GPGPU cards and 2 Intel E5-
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2680 V2 processors. This paper tested different scale matrices using up to 32 GPUs. The implementation performance of the ge-

neralized symmetric eigenproblem standardization algorithm based on MPI4+ CUDA has achieved better acceleration and perfor-

mance,and have good scalability. When tested with 50000 X 50 000-order matrix using 32 GPUs, the peak performance reach ap-

proximately 9. 21 Tflops.
Keywords

pose algorithm, Triangular matrix equations
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Fig. 1 Serial blocked algorithm with Cholesky decomposition

Bk 1A T A GPU Ay 45 4 Cholesky 4 fift 9 &
YR BRI KN nb, W R IRA K b= n/nb 1,
HRE AR R G R R A C RN = MR L 435
T T A B AR5
&k 1 454 Cholesky 4y R AT B 53k
begin

/= WA EE A F1 B A4 F] GPU i » /
A—>dA; B—~dB
for each bt€ [0,bn—1]
/5% bt NS — B /R — I FI S /
ia=bt X nb;ki=min(ia+nb—1,n—1)
Ry, =C,, = {ia:ki} / * XM APRMFT/ 55 HE A «/
Ry ={ki:n—1},Cy = {ia:ki} / * Ay /By, (1T /FN S HH * /
Ryy =Cop={kizn—1} / * Ay /By, AT /5N S HEH » /
/B HERE A AT By, W GPU £ 3] CPU * /
dA (Ry;.C,)—>A;; 3dB(R,, .Cy)—~>By;
(1) * (in CPU) Ly; =Chol(B;;)
(2) (in CPU) Cy, =sygs2(A;; L)
/B [ Ly, F1 €y, A CPU £ 8l GPU * /
C;;—~dA(R;; .Cy;) 5Ly —~dB(R;; . Cpp)
C;,—dC,; ;L;;—~dL;,

(3) % (in GPU)Kf#E T = £ Ly,
dB(R,; ,Cy1) =dA(R,, . C,)dL;, "

(4) (in GPU) dA (Ry;,Cyp) =dB (R, ,C,)dL,, "

(5) (in GPU) dA (R, ,CZI)*:%dMRZI ,Cy)dCy,

(6) * (in GPU) dB(Ry, ,Cyy) — =dB(R,; ,Cy;) dB(R,, ,Cy )"
(7) (in GPU) dA(Ryy+Cyy) — = dB(R,; ,Cy VdA(Ry, ,Co) T+
dA(R,, ,C, DdB(R,; ,Cy )T

(8) (in GPU) dA(R,, ,Cr_)l)*:%dMRZl ,Cy)dCy,

endfor

(in GPU) ¥4 [ dA 1t %] £ % 11 3] dA,,

(9dA s =dC, =dB, ' dA;/ * TH AT =MW« /

(in GPU) ¥ dAp, % DS FE dA (9% ) B &

end

S22 By 3 E] Ly XF By B9 Cholesky 43 fiff 7T LA 7E
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Fig. 2 Triangular equations BX=A
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HIFT 5454 RS 59544 CS It BB IT 2 /i B &%
T HFE AC(RS,CS) Ml B(RS,CS) £ 5] T % B #) GPU H1: A
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H1,Cy s Ly ER? W4 Wy € ROV UL U €RYM L
Hhnd i AE 8 F R e GPU il 1y 19 28 & .
ik 2 T MPI+CUDA B IFA7hR EfL B
begin

for each bt€[1,bn]
ia=(bt—1) Xnb



XU TF o 45 T SRR % X B R AL 10 AR oE AL S5 7 GPU SRR b A9 A 205 8 9

ki=min(ia+nb—1,n)
bm=ki—ia+1
if ia€ RS and ia€ CS then
/KA dA A dB X 1 B GPU B3| CPU = /
(GC-1)dA (a:kisia: ki) —>C,
(GC-2)dB (ia:ki,ia:ki) =Ly
/ % 718 Ly 19 Cholesky 43 x /
(1) * (in CPU) Ly:Ly=Chol(Ly)
(2) (in CPU) C, =sygs2(C, . Ly)
/% B GPU i [ dA 1 dB YT fHEHE 4 = /
(CG-3) Cy—>dACia:ki.ia: ki)
(CG-4) Lg—>dB(ia:ki,ia: ki)
(CC-1) Cbroadcast(Cy)/ * ¥k » /
(CC-2) Cbroadeast(Ly)/ * 34§14 % /
(CG-58.6)Cy—>dC, ; Ly—>dLy
endif
/* MATS A RS R ia 3 ki 7 /
if ia€ RS then RS=RS\{ia:ki} endif
if ia€ CS then
A={ia:n} RS
(3) * (in GPUHH L(RS.ia:ki): (trsm)
dB(RS.ia: ki) =dB(A.ia: ki) dL, '
(4) (in GPUW A C(RS.ia: ki) : (trsm)
dA(RS,ia: ki) =dA(A,ia:kDdL, "
(5) (in GPU) (symm)
dA (RS, ia: ki) =dA(A,ia:ki) —dB(A,ia: ki)dC, /2
(GC-7) dA (RS,ia:kiD)—>W,
(GC-8) * dB(RS,ia:ki)—>W,
(CC-3)Rbroadcast(W,) / * 17k = /
(CC-4)Rbroadcast(Wg) / * {74k 32% * /
(CG-9&.10)W,—dW, ; Wy—dW,
endif
if ia€ CS then CS=CS \(ia: ki) endif
/% YR A B P AR G/
(T1)dU, = TransposeM(dW,)
(T2)dUg = TransposeM(dWp)
if ia€ RS then
(GC-11) Uy<dU,
(GC-12) Up<dUy
(CC-5) Cbroadcast(Uy)/ * 5| #& 1% x /
(CC-6)Cbroadcast(Ug) / * F &% * /
(CG-138.14)U,—~>dU, ; Uy—>dU,
endif
(6) * (in GPU) Performing rank-nb correction on the remai-
ning elements of B: (gemm)
dB(RS,CS) —=dW(RS,1:bm)dUg(1:bm,CS)
(7)(in GPU) Performing rank-2nb correction on the remaining
elements of dA: (gemm * 2)
dA(RS,CS) —=dW, (RS, 1:bm)dU; (1:bm,CS) + dWj,
(RS.1:bm)dU, (1:bm,CS)
if ia€ RS then
(8)(in GPU) (symm) dA(A,ia:ki) —=dB(A,ia:ki)dC,/2
endif

endfor
CO TS 4 FFAT7 R = 52 BX=A
end
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P BUR L 8l GPU . B ¥k 2 F CPU 5 GPU MR & 4
BRI 3 Bron, e 14 KA AR SR L Rk 2
igZR

2.(1)*potf2(Cg)
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Fig.3 Flow of algorithm 2
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Table 1 Communications in algorithm 2
Step Message start times Message volume
(CC-D|cc2) log, pc nb X nb
(CC-3) [ (CC-4) log, pr ((n—0b0)/ pc) Xnb
(CC-5) [ (CC-6) 10{12/’(' ((n—0bt)/ pr) X nb

# 2 k2w CPU Y GPU Z [ iy 84k 15 i

Table 2 Data transmission between CPU and GPU in algorithm 2

Step Data transfer volume
(GC-18&2) [ (CG-384) [ (CG-58-6) nb X nb
(GC-78.8) [ (CG-9&.10) | (GC-118.12) ((n—bt)/ pe) X nb
(CG-138&.14) ((n—bt)/ pr) X nb

T4 B [ Cholesky 43 fif i 75 ZE ¥ €y A Ly M 4 dA
MdB ¥ sk, HA dA F1dB B % FE GPU i 7,1 C,
MLy HEMN GPU S E| CPU #4738, X B A T GPU
5 CPU Z Ia] B9 5H 1% fi 8 4F (GC-D R (GC-2) , H %W €, AN
Ly 1 dA 5 dB X AR5 B I GPU £ %] CPU k1 Ca
M Ly :dAGia:kisia:ki)—>Cy dB(ia:kisia:ki)—>Ly. 785
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W T € MLy L % GPU %% dA 5 dB %} 5 09 3 43
(CG-3)F(CG-4), XFEFIH CPU 5 GPU 2 [l (i $ 8 1%
ARG TRCE B DA R T LM, (GC-T) I
(GC-)WIRMEFI T RAE L B AE M 55 T GPU N iy i 5
DUHAE

Bk 2 PR CTD AN CT2) X R JE R 7 AL 38 3% 47 A 81 ] Y
ol A N AR AT B A B A R A B DL B X N B A 4 SE
110 LA HE B . 2R P e 8 4R AE X B — > 58 42 IR AT Y UK R
AsE (5 A, X RLCTD 4, 5@ 4 (CC-3) FT(CG-9) » A
FlfEE P B AR XN GPU P E LB & T2EM
AW, . XFE BRI ERAT b A 3RS AT LR AT # A AT
b3 2% R 3% — > VU R X R B 4 Ak B 25 2 0O I ) R I
Fsp==rp. WATE GPU 5 CPU 2 [a] fy i I 1£ 4 . 1
GPU P H 2RI ] 20 2k 7 4 7 I A7 Hbu K 368 43 e S B e ' 5 11
B H AR B 5 75 I A R 6 B R b B R e B R Y
T3 PesE M N GPU H®) CPU LA R 7E CPU R MPI &%
B 5 21 Ak T S S e OB B b B L DN OB L AR S
A4 B (¥ HUE 4 N CPU % 8] GPU L IR J5 7 GPU N 47
4T 4 YU R e 48 DL B H AR B R L DR B Sy — A
SEATFAT B SO S B B, L 3 BRI AR T AR,
o, sp R BB AL BEE . rp F 8 BEWOBHE 09 40 B2
R1/C1 3R &% 09 B g e 19 45/ 50 5 8 & . R2/C2 Fom 1K
B B MR AT /505 4R
&%k 3 dC=TransposeM(dR)
begin

for each i€ [bt+1,bn—1] then

(D R IE W PR sp ARG AL
ial=btX nb; jal=iXnb;

PR PSR AE rp DAY BR AL B
ia2=jal; ja2=ial;

(2) 1 38 1 HL A P 1) KD (AT 80 B0 EO -
bm=min(ial+nb—1,n—1) —ial+1
bn=min(jal+nb—1,n—1) —jal+1

(3) KL Gal,jal) T sp b BYAS HLDT B (il 1)

PREL(1a2,ja2) £ rp L HIAS M4V B (i2,)2)
R1={il:il+bm}; C1={jl:jl+bn )
R2={ i2:i2+bn }; C2={ j2:j2+bm)

(4-Dif sp==rp then / * H Bl x /

(in GPU)dC(R2,C2)<-dR(R1.C1)"

(4-2)else if MFTALIEER A sp then
(GC-D) ¥ Y4 M N GPU £ 3] CPU.

R(R1,C1)<dR(R1,Cl)
(CC-D REHHFE R(R1.CD

(4-3)else if MATAEFLERH rp then
(CC-2) W R BE R(R1.CD
/[« BB S CPU £8] GPU » /
(GC-2)R(R1,C1H—>dR(R1,C1)

(in GPU)AC(R2,C2)<-dR(R1,CDT
endif
endfor

end

FIE 4 R T IFAT RN 2 PR Y = AR SE R AR BE T
R, KA EOR R E X EXT AL T 0= A5, i
VAU E B IS AT LG T = M85 UL & A 1 FxT
LT =M, EEE 4, Xl 75 it A RS/CS
TR BREE — AN Xt B AT/ B0 P S S . A = AR
A7 i B AR B B 1R 454N 31 2 B Rbroadcast 45 A 47 I Ak 3 45 1F
TR I FE AR BRI (D AN X PR 431+ 3R] LU
i# i ¥ H cuBLAS B cublasDtrsm Fl cublasDgemm , F| F
GPU #EA7
ik 4 IHATRME=/AJI BX=A
begin

if 0ERS then / % )\ RS TS BREE —AF Hexd B (9475 /
RS=RS\(1.min(n.nb)) endif

if 0€ CS then / * A CS HPAEBREE — A5 IS B 1Y 515« /
CS=CS \(1:min(n.nb)) endif

for each btE€[1,bn—1] then

ia=btX nb;ki=min(ia+nb—1,n—1) ;bm=ki—ia+1

if ia€ CS then
(GC-1)Br<dB(RS.ia:ki)
(CC-DRbroadcast(Bg) / * 474& 1%  /
(CG-2)Br—>dBy

endif

A={1:ia)NCS

if ia€ RS then

(1) (in GPU) K fi# X A5 bt 78k
dA (a:ki, A)=dB, ' (ia:ki.ia:ki) dA (ia:ki.A)
RS=RS\ (ia: ki)
(GC-3)A ~dA(ia:ki, A)
(CC-2) Cbroadcast(A¢)/ * 5 #% ik = /
(CG-4)Ac—dAc
endif
(2) (in GPUEIE dA(ki+1:n.1:i) FEITEHE
dA(RS,A) —=dBg(RS.1:bm) dAc(1:bm.A)
endfor

end
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Table 3 Comparison of time using CPUs or GPUs

Number of processes CPU/s GPU/s Speedup
1 410. 94 15.51 26.50
2 235.89 11.82 19.96
4 113.16 8.98 12. 60
8 69. 82 6.87 10.16
16 36. 24 4.6 7.88
32 24.75 4.11 6.02
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