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Abstract As an important development of compressed sensing theory, matrix completion and recovery has been a new
and remarkable technique for signal and image processing. This paper made a survey on the latest research progress in
matrix completion algorithms. Firstly, it analyzed several main algorithms to nuclear norm minimization model, and elabo-
rated their iterative procedure and principle. Secondly, it discussed low-rank matrix factorization model of matrix com-
pletion and listed the corresponding new algorithms emerged in recent years. Then it complemented other versions de-
rived from the above two models and pointed out the solving methods. In numerical experiments, performance compari-
sons were made on the main algorithms to matrix completion. Finally, it gave future research direction and focus for ma-
trix completion algorithms,

Keywords Matrix completion, Low-rank, Nuclear norm minimization, Low-rank matrix factorization, Compressed sen-

sing, Low-rank matrix recovery

1 3

— R, A REAR TR S W E S KRB TR R E A T
. BESE—HETREBHNEWHE —E KM, R4 R
134 (Compressed Sensing/Compressed Sampling, CS) #F5E
TR LGEIE R L B/Mb ) BR K B Kk A TR
L5 5 HEMERNERE, Ff - BRABREEHRITE
FKE A ERTE, Candes MIBE T4 AFH T HEH
WA AR AR (P M RSB BRBE S B W — €
SR, K 2B B T LB o SR T /M Ak ) R SR A
WIKE A TTES . AEGENIS TERKEATRE—
(&) B AR B R 50 [ b 4= (Matrix Completion, MC), Z¥#E84%
FETTE X — LR B — R A 2R 1 2 B o 5, WO R 2R
R & Bk HE B K 2 (LowRank Matrix Recovery,
LRMR)™1,

m}

PUF HH5:2013-06-02  iR4E H H1.: 2013-09-17
2013JK0588,2010]K642) %58,

FiREAb 2T M R TH LA gk e
BEREVHRESAT Y SR LM E S TRAE . #
HES 5 BGABEAR K — M RRERFND L, 2D
B ERBAZ ER X —MERNFE SRR TR, £
B L, B R 2T iR — A0 RS ME R (B [ 2R
2 NP, EERMIL TSR/ MURER B K
AT KT B EES R LR B RO e B
R, L B 7 — R R B R i
Bk, B IRBRI AL,

Sr L WEAM, R B RN RS
AR RS, BB BB BE T Mk R SR L
R EEIT . ERE R EER /MO R &0 T2 MR R
FEUSOL SR AR S MR B R T B R T RS A B P
REBE BRIT I E R R EA R R, F, R g
TR BT — B BE 0 77 W 4 4 B B8 B T 20

AXZERBRBFES (61179040), Be ¥4 HE T £ WA 0 i+ %) 70 B (2013JK0587,

SN 979—), B, 1, BI#EE,CCF &5, FTER T M LT 5K IRH, E-mail; shijiarong@ xauat. edu, cn; BF = (1982 —), 1,
L, W, EESSE A AR E SN BKkEQ72), B B L B8 ML A B, FEHR TR LA SRR,

L) 13 L]



. RBRERE R EERA 2N S — M EENER,
B SR R A WS BRE RE 2 B, FE R R
e B EBGE L E BRI E B R TE . REX BB A2 H
FEH Wiberg B ¥ B 4108 ¥ . Levenberg-Marquardt &
EMRESAEEST, B FRBREMMAEA R Grassmann
2% Riemann i J - #0401 8, B it BT DA F8 JLAR) 723 1)
FkKE.

ACHE A 2B RN RS T k. S
2H,FIATHBHEEEFFHERETMEERSE FE
BRI 5 37 T KRB S/ ML RIS EEE
B AP T RS R R B B 5
AT RIPIREEIRHETRRA ZESR 6 W A BE L Rk
REF N EEE NN B ER 2 EEHTE
2, AT H LRSI AES .

2 EFHIR

CRAHERESRY—MEELEHNER . FRESE
(Singular Value Decomposition, SVD),

EBE 1 OWTHRN - WEEXCR™, A REIE
K X=UsV', AP UER™HIVER" "W R UTU=VV=1,
(L g r Br i fifg) , S =diag(o, ,0:,-+,0,) HEMARTE
W o120, 220,20,

Fro X B RAFE,i=1,2,,r. BEUH mr
ATLENBTUHSTHEBREGHEESSE, Hitei
BHER mr—A-+24+r . KU, VHEBHERNw—
A+2+-+r., HXWEEER

dr(X0=0mr—QA+2+-+r)+(r—Q+2+4-4+r
+r=n+n—nr)r @)

X1 X YER™ ", ERIRNBR (XY :é é)l
XY, B X, FREMEX P8 78 X,

EX2 #0000 REEX MEAEESRE.N
Bty Schatten p B P>ON | X | =(Slot),

Rk, Y p=1 8T, [ X || o020 X ETER (R NE T
B.Ky Fan {8807 | X . E5: % p=20t [ X |2 H
X 1y Frobenious 0L AT A | X | r #R; ¥4 p— + cohiit,
IX | so=0y I XPIBEFHBEEERE), TH | X || F#5;
HE N X || o=r,ATF rank(X)F/R. R X ) Frobenious 1,

BH2: | X |- = VX = /imce XX =3t 2
trace( * IFNEMERITET . HF X BZEH . Frobeniousi
BB FHEH R FIIRERD
IXI<IXI<IXI.<FIXI<r|X] @
EX 3 FENBUEE T, X K Schatten p-Tu %5 i X
Bon

X 1| asp =max{<X, X0 |V ] <1} 3

5% Frobenious $5 ¥ XHBIEE I H Frobenious 5%,
T BB EBCY B

EX 4 HFEILELEE F(O,xEE BHMEE W
yis

gO<f(0), ¥Yx€¥ €Y
HBRMEH g.

014.

EIE 20 BREE rank(XOEEAR 6=(XER™". | X |
<1} EMMEEERR 6XO=| X ..

PSR B (X0 BESENN KB EAEE . HERE
BEX BTSN X =&, Wi 2B 2 AT rank (XD #9556
ZEBEH X .7k

EHE 3N 4O = | X || . BIRHEEER

X . ={UVT+M: | M| <1,U"M=0,MV=0} (5)
Hp , UeR™ . VER™ A X MAERREENETRE
B,

WIREH 3, W LHEA TR,

EHEAUY RN r B m X n FLEHEQ AT RIENME
4 :Q=USVT=U diag(o,0,,-+,0,)V", W% TEE 5 /ME A1 55
min | X—Q | #/2+¢ | X | . AHBRM X" =9 (Q) ~US
OV, Hidh 220, %(3) =diag(max(g, —&,0),***, max(o, —
€0)),

3 BEHMRUBBNERFINEEZE

3.1 [EEER

i FEBREERE MeR ™, & BRI T A3 4 Wil 76 & ok
WE AL, YR E 1 BT B T 5 05 5 Bk B /ML R R S
ﬁ:

n;in rank(X),s. t. X =M, ,(Z,)DEQN (6)
He, XER ™ HEREE QC (1,2, ,m} X (1,2, 0}, iT.
MRS RETTEREN p. 0 p=10], X8| - | EREEH
. 76 LRI, R K IF BT UERR R 5O =3,
(M AX)=b, K HABRERTF, HELH

7 x| HODEQ )

0, TN
AR >R P NEHET BER?,

SRR RBCREIE EAE AESH B E R R AR R /ML)
B E . BIEEH 2, R RIRER, TR
B2 T A AT

m;nllXH s L Xy =M, DEQN €))

TS HRE LA EESE/MUSEN EEE,

3.2 REMulE

WEERE X A ER, BEN 38 X MBS T Mk

IR B AR 0

m‘;ax(X,Y) st | Y] 1 €))
[y LA
max trace(X'Y)

Y a0
s. t. (Yl_ I,,)ZO

Hr, “A>0"RR A R IEEBRE. bR SR B 0f
LRI A

min -;— (trace(W;) +trace(W,))

W, W,

an
s. t. (2;1 Vi’i ) >0
H it BB R () M T T3 E M
erl;ill"lv ) % (trace(W, ) +-trace(W,))
12

W X .
&n(xr‘w)zmxfﬂgxu»ea



KA E MR AW L RN S B, B R
EREAALBE T EERE R O(p(n+n)® + p* (m+n)*
+). WAEBRMBLEEMR G MATLAB RGBT EH
CVX.SDPT3 1 SeDuMi, T ikl CVX Ky, 45 i R 52
MR (12)8 MATLABR#4,

WA RBAER M REEATIE R LRI PR ) # ]
[my,n]=size(M);J=]+m;

cvx_setup

cvx_begin sdp

variables WX(m-+n,m-+n)

minimize( trace (WX (1:m, 1: m)) +trace(WX(m-+1:m+n,m+1.:
m-+n)))

for i=1;length(I), WX({),J (1)) ==MUI(1),J({)—m);end
WX>==0

cvx_end

MR=fulll WX(1:m,m+1:end)); %W MR 3 M 9K Z 5%

mTREEEMMHNRBRRFETEWERE, B
W m & n 5 p LWEKH, X EMRUEFERKWIBTH
&), & EARAFT. BB p=0. 3mn, ¥ m=n=100 Bt ,iBFT
AHEIR 29 1 23405 24 m=n=120 B ,;ZfTH A} K& 5 045 2
m=nz>200 B}, MATLAB &% 1. ik, AT E TIF LR
T ERE R,

3.3 HREHEEE

Cai Jian-feng 1 Candes %5 AR T KB TE B /MELIE
B & RE R HE & (Snguar Value Thresholding,
SVDUS) B Aok B AR (R (8) TE Rk, Bl

mint || X . +E X s L HO=RH0D (3

Hep, >0, HBH c>—+oolitf, LR BRI MR SR ARl
HENS IR . ME AR (13) SR B H %

L= X | 44 | X[ ¥, M=X0) 14)

Hep R ARFYER™, M X,V ) HELEE
(13) 1) JE- %o 4 () R Iy B A ot , WU

sup igf L(X,Y):ig(lf sup LX,Y)=L(X",Y") {15

SVT Bk AR A R RE (3 ;5.
MY =0, 4 Y 4 ERT,

X* =arg rr}(in L(X, Y1)

—arg min 7| X || . +-;— X b=, 2 (X0)

—arg min 7| X . +% I X1 3— (X, P 1))

=9(Fp(Y 1)) (16)
W X AR, IE g(Y)=L(X*,Y), Wag(¥) =3 L (X*,
Y)=%M—X"), {#FHBE Tk (Uzawa BEKREFH Y.
Y =Y*"1 48,3V ) =YY" +§, B (M—X) an
H,8.>0 HE KK k=1, BEFARADRY MK
AT RERARAOBLEH T X =2 X 1),
IR R SO B A L8, SCAR(19, 2004 B 44
T SVT BH MBI,
3.4 FHhEREEHEZE
BARALERE (8) 195 —Fp iE WAL IRA

min ] X | 4 1| OO~ [+ (1)

Her, >0, ERMBATFEAE BERREEET X KRB R
ILX| « +RO—R M, & X RIS § 5
T, e R

O€ud || X* ||« +(F (X)) — (M)

=pd || X* || . + X" — (X" — (X" )= DD
am

Y =X —o( P (X" ) —FH MD)W 0€ d | X" 1| +

X' —Y* Bl X B S ME R

min s | X || .+ | X—¥" |13 (20)

MR . &2 547, A8 R 8 E B (Fixed Point Continu-
ation, FPO ™ A BT

V=Xt —o(FH (X)) — T (D)

{X"=@% ") D

a1 =max(p > )
Heb,n>0 A28 » BUEH TR, 0<<n<1 R¥¥. ik
(228 1H FPC 1 Bregman SEREARLGE G 2,
3.5 MiEERBEEE

2 fO= | %0 =3 13,20 =x] X1 .,

W HAMEIEEE ) B BARRECH FOXO = (XD +g(X), §

BRFOO R DT BB g (X0 R BELE AR AE R, 3T

ERAERYER™, B8 FOOLEY 4L HE4> K&
FXO=~=QX,Y)

— FOHX~Y,3f )+ | X~¥ || $+5(X
@22
B L ARBIEA, Toh HARH T H0E L8 EE
(Accelerated Proximal Gradient, APG)™1, APG B &

XY s, R EmT
X* =arg rrgn QX, Y1)

—arg ming- || X— (v —4.2 V) || g | X

=Gy, V=2 (B (V) — Ty (WD) 23
y =Xt 4 o xe) 20
2 3
2
e (25)
R AR, SRR 23 55 48t 96 A KR M R
BB,

3.6 HIHAGHERTS
I FIA mX n BESLIEAER E B/ MEFIRE (8) 7
RN
r)r[uEn X s t. X+E=M, P (E)=0 (26>
Fob, MR TERRE R 0. bR B AR AL R 9 44 T
ke H M BCH

LXL,EY, = | X . +<Y,M—X—E>+12‘— | M—X—

E|% @n
g*vfﬂ“’ﬂﬁ’ﬁ‘ﬁﬂ>oo @]ﬁé"fAEEO=YO=O,M)>O,(J>I,e>)
O, MAKE T T~ hr 4% B H 58 F & (Inexact Augmented La-
grange Multipliers, IALM) 1 32 8B 57 X, E, Y, o, k400
=W}

e 15 o



Xt =arg rr;in LOXGEL, Y )

arg min—— | X || . 44 | X—(M—E 4y 1/
X e 2

) |l ;
:91/;%71 (1‘4_15}C ! +Yk 1,//11» -3 ) (28)

E)y=0

E' =arg rpi)n L(X*EYY e )
.Y‘ﬂ

=arg min || E—(M—X'4+V*""/u, | %
i (B)=0

= M—=X" Y"1 D) 29
Y=Y 4 (M—X*—EY) (30
pre1s Bt VE—ET | o/ I M| p<<e
= 3D

He—1 s ?‘?WJJ

Hob Q%R O BB, EEH X R E B3R, R
28 M CHEIR AL, ERIW 2L FAFPATX GO
A BD RXFP B R0 ik B H & T 45 (Exact Aug-
mented Lagrange Multipliers, EALM), EALM 77 B3 4 ik
*%Trﬁn LOXGE, Y ) WEEAUE BT RIP) 4 - B
Wk AR 8. TR RIS IALM th EALM 21y
BREEHR, LR TALM 2 3885 7 8] 7 #% (Alternating Direction
Method, ADM)[%:26] |

4 RBAEESBEINERIEEE

4.1 EHEEHR

X FRTEECE /MR, AR SO B BB K/
FESL R IRl R A , 25 3540 08 Ak A BUMEL, WO R LA R R R -
AR R BRIUE . X R LB G W RE S
. SETHAEHNEERICEMILB ST CULB RS M, 3T E
FEINF 438 - M~XY, B b XER™ ", YER ™, r A M fEE
SR SRR T AR I FR .

K TREERITE BT HE /Mgy

min | % (M—XY) || £,s. t. Fa (MD =5 (XY) (32)

TSR H AR SR A LR AR R A M A3 AR A Y JL AR R
iopips
4.2 BETEIEE

HBRCR r IR BT F 25 ML A Grassmann HiJE .
Grassmann It 2 "B #) Riemannn FiTE , H 00 28 7 2L+
B . Grassmann HEFREFH— DS mXr BIEZHEA
REM . (AT={AQ.Q NILEM » TR T, T
Grassmann FUJE , SCBRL27 148 ) T SR 8 5 00k fe) BB (32) i B
23 8] B 1 (OptSpace) , IWB BB AT 4 FHAR.

W1 B, D M= 0D, % M EAF 168 1
EBITTRHNEKT 2p/n, WS 1 B PEEHLRE 2p/n
METAE  HREFTHRETH GEEGNEMNERTER
BIABORTF 2p/m, WEEF A & P EEYLIE B 2p/m MERTT
L HAFRREMENCK 0. WIEMEMIT M,

W2k fEi MRk, XM ST A R M =
Sowal b kB M® 08, B FHEWR 0> =00, 1
5 M® {3 R ML

r—/—argimin{ (011t Wﬂ)/m 11=1,2,%,k—1}

B34 B BWE, MR- BERN Z2M)=XS
(YO)Taﬁ:LF' X(’:/;(ul ,uz,---,u,),Yo :«/;(an’z"“,vr)v
§°=(/mn/p)diag (6,,,0,),

. 16 o

44 Grassman HiJp LB E TR, EXERNKE
BB FOXLY) = min 5K,V 8), 3 FOKLY,8) =1 || %

SeRr,\(r

(M —XSY") || %+% | & (XSYD) | 4, X, Y 2 X" X=nl,,

Y'Y=nl,, REERRL,EEA=0, FFHEMHETRE
R Emin (XY, $) AR F
St =arg msin FXLY,8)
L, =arg rtn>1§1 F(XF T — 3 F (XL Y1), 7 —
1 A FXELYED) 33
Xt =m orth(X*" ' —#,3xF (X1 ,Y* 1))
Y:=/n orth (V*7' —5HF (Xt 1, Y ')
H, 0 F(X,Y) =P (XSY' —MIHOYST, 0 F(X,Y) =%
(XSY' —M™) XS, orth( « ) R/RHRED LB F, HiER
AKGDIXRBL I FRMAB, M A2 JFHER R XSH T,
4.3 Grassmamn #% 1 EFF = @G +H8E %
TR ELE, BIRER GO AR (M) =
I (XD R—E RS Ak, B8 T HRABR
r;n}p | Za(M—XY) || & (34)
EHEEMMY B ERR: M= My, My,
M), Y=y, Ya - Y )o I8 Ha HIER . ERERBER
F B A (Moo H R QO REB Mo MAEE R LE, o (XD T
I8 Mo, IR RITTERIER X MM TRE,i=1,2,--,
n, FTREMAEECHENT
nglyn 251 “ Aoy (M) ) — e (XY 5 “ 2 (35
Hep, || | RoRmEN L 8. SCRRI13J8E S Tk b ik
B H) Grassmann B 1 TR 25 Al 1158 (Grass-
mannian Rank-One Update Subspace Estimation, GROUSE),
£ GROUSE 7, B X HEIT.
For i=1:n
Y/, =arg l;l’tl\;l | ey My ) =3 (X Y || 2= (o (X0 T o (M )5
i Mo b2 T B pi=XY(, 5
SRR M B ro =Hni (Mo —Ha (XY, 5
B raf A (- OBB m4EEE o B n R ERTERESN
03
BEFRERE XXX+ (cosC I ri ll I pill )—Dpi/ | pi || +sin
Chr b s Egow/ e 3CEEDT/HYE
End
fE ERE T O RARER O, WK KA. K
THIAERAE T EREEEE SR, BAHERY #5K
N
Y' = (o (X0 oy (M) o5 (H0, (XD Hy (Ml )

(36)
A2 EHTH Riemann 3 Grassmann FLIE T 25 8]
FrEE T S W CHR( 28, 29],
4.4 HRERREE
12 Z=XY, I/ METaEE (32) B BB Y
. 14 _ 2
min tﬁ(Z)z? | Za(Z) =MD || § an

s. t. ZEC() ={UER ™", rank(U)<r}
HAFES CHREIENSEELEN, AL EERE LR E
PRI R R H TR AER



FIFRE &= ek, CHRE30 148 T SR /MU RE (37D
77 5 18 #% # & 15 (Singular Value Projection, SVP), £
SVP i, e R B ARRE 2931, BB (8 AR BE T B 1 SE B A
Z, ZBHNEHN

Zt= 2 — a2 =2 = (B2 —Fa (M)

(38

B AN e PG FRER: 9 =mn/(p+0p) , HH

0<<8<1/3 BLBUEIKIT p. FRKZ* BELH € b, B

2 =arg min{ | Z—7 || rZEEH) (39)
KHZ* T2 S AN LR r K I 2F SAE K X
fr 25 S5 e B T R B 2

4.5 RBEHEMESHEZ
Wit s A A RS M Z, B/MURB GO &M T

min% | XY—Z | %,s. t. P (Z) =P (MD (40)
X\Y,Z

SR AL T R 4% B H ek %R

L(X,Y.Z,A):% | XY—2Z || 2— (A, B (Z—MD) (4D

St L(X,Y,Z, A T4 AR BOR B BE 18 2] — B S I
P
(XY—2)Y"=0
XT"(XY—2)=0
P (Z—XY)=0 (42)
P (Z—M) =0
G (Z—-XY)=A
AR RGBS R R B R LR TR ARG, X
BRAKXWT
X, <ZY' (YY) !
X (w—oXi+(1—)X
Y, (X ()X () (X )T D 43
Y. ()oY, +(1—)Y
Z. ()X ()Ys (@) +F (M—X, ()Y (w))
H, B8 o=, Y o=108, ERERF LA Gauss-Sei-
del k. BARAR U3FRA R MM B AN & IR B RE LS
B3k (Low-rank matrix Fitting, LmaFi)®!,

5 HEMALKRE

PR T B /MR R A B e A AR AL AT A 1P 5K
TR AN L TR RY , AT SF A B R R AR R
.
5.1 MEIEERIENMLER

R/ MEBE R, JR) B B/ MEFT A A7 508 53X e 5K
B IR P AT BE A BB SR I B I AR B 9 Bk . SCBR[32J4R 4 T8
YK 95 B0 1E W) 4K A% B (Truncated Nuclear Norm Regulariza-
tion, TNNR) , B — & Ll 2 TR IR A AK LR
BRpE.

EX 5P R XERHF REE KNI A6 500,
“* s Oninemy « B B ~ B LVETEHOCR

min(en,n)

IXll.= 2 o 44)

TER TR/ MU (8) v, M 4 B A A T SR e L
W BYUIA% TR, (E AR 21 F A9 TNNR #E%I
mxin | X1 st B (XD=P D (45)

R B RN T
min¢ || X | » —max trace(AXB")),s. t. % (X) =% (M)
X Ty

(46)

Hrh, AR ,BER ™, Wihik X° =% (M), LR &ML
[RVRE AT 554k A A8 B SR S TR AL R R

max trace(AX* ' B"),s. t. AA"=I,,BB" =1, “un

rr;in X0« —(X,BfAL) ys. t. Fo(X)=F4 (M) (48)

BB 4D M BRI A = (e, 5007,
B = vy, eev )" o BT ) B v 43500 XE ISR 4
KAREMMOE GHEREE, 3 FE/MEEEAS), 3CHk
(3282 H T WOFpsR A ik, Bl ADM 1B TR R APG,
5.2 Schatten p-Fo ¥R

HERTEBAAMERL (B M4 Schatten 1-3EH4E)™
%] Schatten p-FEE(0<p<2) , WA B/ MEME A

n’gn X spos t. B (XD=5(M 49

IR Ak A B R B A oR SR T P s BOR /AR, )
| X1 s = (trace ((XTXO#))Y7, SCHR[33]J82 s TR L
B/ MEBRI RIS B H e F 5, FHIER T BT B 5 st
5.3 B/MNLEBERFREFIBRER

A T RC A A 1, Frobenious YL &L N 1 M4
MHBRNES, 3t T HCEHETRE, BMEER- MRS
MALL, BEEMESKRIRFE M ORR. VZe
Cmn  ERIREFARIER N Z= Zi:aisii s 6 €0, B rank(2)
:ngn{ (D} : PO, ZE span(D)},

Bk B/ MU TRIRE (6) Xof o I8 R DAL, ) Ry

n}én | AX)—b| ,s. t. rank(XD<{r (GI)

SCHR(34 148 T 48 i s/ B GBI R T 43 R Y ( Aomiic
Decomposition for Minimum Rank Approximation, ADMiRA)
R L RBAALE. XTI X° f ©°, ADMIRA J7
BREEN M X

&t =arg r(;lca())c{ || Zpsd* (A=) | p: | D2 UP!

X*=arg rr;in{ | X —b) :XE span(P*)}

¢ =arg min} || X" || r: [@I<r)
2O

Xt=Pp X*
GD
Hep, o b S IERE T, BRAR O KR T ME LAERR
-2

5.4 BANEARAMELER

MNFEBR r WEBEZCR ™", IFEEMILFHER
[FA e =max| Z; |, [Z e =max || Zo I+ | Z ] nox = min
{HUll 2000 NV || 20 : Z=UVT ,UER™ ", VE R ™"}, Hrh Z;,
K ZE AR R, WTFAEN R=e>0, XH35]
e B R LB LT B AR R

min | F(M—2) [[ o5t | Z] o<a, | Z]] max <R (52)

R AR RE AT US4 Ay 2 8 B R A

X{gilr}w I EM—2) || %

(Wl z >>o (53)
s. t,

zZ" A

diag(W, )<(R, diag(W, )<{R, | Z || o <\e

. 17 .



min | Z(M—XY) || %
s.t. max{ [| X[| 0, § Y [| 0 }<<R (54)

maxl (XY)ij | <a
YA — 6 B T B SR i A /ML TR RE (54D
5.5 {REHEILER
R X R L e LR N X=LR" , Hh Le
R™",RER™", I, X BBTEEH 2 T3 R

X1+ = min | L1 5 | RI =5 min () LI3+

IRl P (55)
AR AR RS (8) X Nz A Ik 8 T 76y
min L%+ | R]l %,s. t. sALRT)=b (56)

TSR r R C8) A S I b e I 0 B 7 4 K WU s G A [
@ 5K GO FM . CIRL 158 H TR (56) A hikg
) H ek, SCHR[ 36 1%F 3R (56) 4T IE Wik , FH4 B8 BE T B
5.6 JEFAsERESBER

Al £ e A S Ak A I B A ) — RO A T Y T 8
AR BEAE M M AR R ERE X 5 Y Z B, B
T O R A O B A R N R

min || 0 (M—XY) | £

s.,t. Xa=0,Y; ==0,i=1,,m, (567)

k=1, ,ryj=1,"n

Hi , XeR™ " , YER ™", r&min(m,n) , 3T _ERBAILRE]
R, SCHR( 37 50K B 7 1k R 32 8K i A3 B /> — 5 (7] L
TSNt A Al 5 /) 3 [ A e P Ay 8 B oK A 5 SCHR(38 ]
$2 R ADM J7 goR A .

WA AN 2 BT H e BANN IR EA BN
R AR HER 9 22 85 7 1) 1% L IE ML B 60 SR E B AR
B AR AR 4

6 KWL

S e N TBIESE | B Baab & 1) R R P RE, B
KB B R E .
6.1 AT#EE

FEALAE BRBE A » 1 m ><n YRR ML, AE U AT . M=
M Mg, b M, ER™ , Mz € R** ,r<<min(m,n) . % M. .
My 4503 Z [H A B 7 BARMIE R O AREZE R 1 IE
B, LRSI AN M AT REVLRAE R HEIRE B
QSRR EIEN po ARIBATEBE AR AR M 2 st
RSN M A RREICE (NS5 RGN M.

Xt 4% FhaE 42 3 2k (GROUSE BR41) , 4 1k 4 0
| Za(M) =R D [/ || FaMD || p<<e, P M A M B35
k YGEACHH IR B e A FIRE . BAIMIXHRE | M—
M| ¢/ || M| r RERM 2R, FEEMHEEP, T
LEMBE r URFERE p o BEGEHLBRER 10K, BF
A B 7 E) R B HRZE R EHE . AERRP ]
m=n=1000,e=10"*, | M ) & B K dr=r(2000—7), %
& r=10,50,100 3X 3 FHIE , SKIREERANK 1 5.

o JR

K1 AR R AP RE LR

i # p/dr p/n® BAWE(D HREAK MxRE
0 6 012 85.0 117 1 e

SVT 50 4 0.39 559, 3 i1 Ten i
100, 3 0.57 1359, 1 128.7  1.70e—4

06 oz 18,9 TEGE e

FPC 50 4 0,39 83,7 W 205e—5
00 3 0.57 132.3 79 2,25e—5
O 10.2 3.7 2714

APG 50 4 10,39 28.2 51 3, 17e—2
100 3 057 360.7 49 9. 60e—3

0 6 o018 8.1 45 1. 40e—4

TALME - Bol 4 eian 30. 6 256 | 1 de—t
00 3 057 89,9 28 1, 53e—4

10 6 012 66, 2 R

bt A IR S 6804. 5 34 2, 00e—5
0 6 012 4.2 = 2. 056—6

GROUSE 50 4 0,39 39,7 o 1.57e—8
00 3 0.57 137. 1 = 4,565
T g.d 2601 16

SVP 50 4 039 28. 4 29 7,07e—5
00 3 0.57 75.8 33 b5

0 6 01z 18 28 TE A

TmBit - 5 = 4 ey 4.6 21 1. 434
100 3 0,57 8.6 21 1 he—1

X F 1 Bk & B 4 i AR B 1) OptSpace 7 ¥, %4 r= 50,
p/dr=48}, lFIBATRHE AR, R R T —RER
BR324 r=100, p/dr=3 I} , IBITHIIE A , WA IR M 4
o AR 1P LUR 0 PR RE L BIAL Y 4 FhR 3k,
APG BIMIXTERZE A, HE 3 ROy kAL R T 107" sSEARE
B9, T IALM J2 17 o} 8] e, BRI, 3 F IR
BRI RS il AR AL, 4 b O RK 3K B T B L 19 R R 22, T
LmaFit #3277 i [A] e 8, AR 4G, TALM 5 LmaFit
B, J5 2 13 S R (L 5 S Sl S A e 1 B TR
TR 5 A 56 S HE R Bk R — > A TR IR R
6.2 EfKRE

at 6. 1 4 A9/ 40, IALM HI LmaFit 23 SRR p2
BRI AT RO B0k o AR 19 K 3 A o B0 R 0 PR R K 2
. “RRATIKBEER IS BER A 194X 259, RAERCHIL N »,
WRAERER S sp=p/(194X259) . & 4 FRAERIR, B sp
=0.1,0.3,0.5,0. 7, 554 A IALM I LamFit ¥4 F %
TG . AR (R HL (psnr) Sl BE B0 0k AR S 1 B, Hevh 2
LamFit Bk, % & psnr BRI BE » MBUERDE . SCR45R
W 1 FiR .

KAER

1ALM
HeER

LamFit

HEBR

psnr: 210()(r~1 :
(c) sp=05

penr=21.26(x '9)
(b) sp=03

4 A
penr=-24.45(r-25)
(d) sp=07

1 FFRAEMET IALM Ml LamFit #9498 8 4 Rk H 88
EE 1SRRG, AR TR ELRTEABARE

{ECEP 255)3kFm. M 1 ATLAE H . 34 sp=0. 1 1 0. 3 A,
LamFit f99% 8 HEREE T TALM; X4 5p=0. 5 #1 0. 7 &, IALM

psnr-1720(-38)
(a) sp=0.1



AR AEREIL T LamPFit, XFF sp=0. 1, WA I LI R fEEE
T PR SRR AR, X T AR R B T R R BRI B R Bk
FESRAEFTE . WAM A LamFit kBB E LA E M1
B, TR E K/ DN E R B R AR

GRIE ARG THEMNLBEORFHRER. ¥
RFEREA 8 TR E BRI R R 9 BB AR BT
BRAERR MR . W T XPREEAL, B T &M EREY
Bk Pl BES B B T MR, ASCHRANE T X
PIASBLRY RYTT A A B A L ) SR AR T 3

St R AR AR S AT T R BB ik R X AT R b
SH BB, X KB F RE R RE B A
WEERENFE S B, Mo, 455 HE BB RER
H T ERJLA DT IR R : () B E A AR R & 8
Rerh LA (D MR R 24 B M k& b, IR
AR T B R E L5 (o) Grassmann JEF 25
VB 7 s SR AR e b2 TR R 5 (D) AT AR 4B SR R O R S U R R
EEHB,

2 % X W

[1] Donoho D. Compressed sensing [JJ. IEEE Transactions on In-
formation Theory, 2006,52(4) ;1289-1306

[2] Candés E J, Michael W, An introduction to compressive sam-
pling [J]. IEEE Signal Processing Magazine, 2008, 25(2) : 21-30

[3] Candés E J, Tao T. The power of convex relaxation; Near-opti-
mal matrix completion [J]. IEEE Transactions on Information
Theory, 2010,56(5) ; 2053-2080

[4] Candés EJ, Plan Y. Matrix completion with noise [J]. Procee-
dings of the IEEE,2010,98(6) :925-936

[5] sk, AER, WFH, % EBEMKERERERT ] STHNL
N FABTSE » 2013,30(6) : 1601-1605

{6] Chen P. Optimization algorithms on subspaces: revisiting mis-
sing data problem in low-rank matrix [J]. International Journal
of Computer Vision, 2008,80(1):125-142

{7] Vidal R, Tron R, Hartley R, Multiframe motion segmentation
with missing data using PowerFactorization and GPCA [J]. In-
ternational Journal of Computer Vision, 2008,79(1) ;85-105

{8] i Hui, Liu Chao-giang, Shen Zuo-wei, et al. Robust video de-
noising using low rank matrix completion [ CJ // Proceedings of
IEEE Conference on Computer Vision and Pattern Recognition
(CVPR). 2010:1791-1798

[9] Jing Guo-dong,Shi Yun-hui, Yin Bao-cai, Image super-resolution
reconstruction based on sparse representation and low-rank ma-
trix completion [ J]. Journal of Information & Computational
Science, 2012,9(13) : 3859-3866

[10] Rennie D M, Srebro N, Fast maximum margin matrix factoriza-
tion for collaborative prediction [C] // Proceedings of Interna-
tional Conference on Machine Learning(ICML). 2005,713-719

[11] Cabral R S, Torre F D,Costeira J P, et al. Matrix completion for
multi-label image classification[ C] // Proceedings of Neural In-
formation Processing Systems (NIPS). 2011,190-198

[12] Keshavan R H,Oh S. OptSpace: A gradient descent algorithm on
the Grassman manifold for matrix completion [ EB/OL]. ht-
tp: //arxiv, org/pdf/0910. 5260v2, pdf, 2009

[13] Balzano L., Nowak R, Recht B. Online identification and tracking
of subspaces from highly incomplete information [C] // Procee-

dings of Annua! Allerton Conference on Communication, Con-

trol,and Computing, 2010:704-711

[14] Liu Zhang, Hansson A, Vandenberghe L. Nuclear norm system
identification with missing inputs and outputs [ EB/OL]. ht-
tp://www. ee. ucla. edu/~ vandenbe/publications/subspace,
pdf,2012

[15] Recht B,Fazel M, Parrilo P A, Guaranteed minimum-rank solu-
tions of linear matrix equations via nuclear norm minimization
[J1. SIAM Review, 2010,52(3);471-501

[16] Fazel M, Matrix rank minimization with applications [ D], Stan-
ford University, 2002

[17] Liu Zhang, Vandenberghe L. Interior-point method for nuclear
norm approximation with application to system identification
{J]. SIAM Journal on Matrix Analysis and Applications, 2009,
31(3):1235-1256

[18] Cai Jian-feng, Candés E J, Shen Zuo-wei. A singular value
thresholding algorithm for matrix completion [J]. SIAM Journal
on Optimization, 2010,20(4) :1956-1982

[19] Hu Yao, Zhang De-bing, Liu Jun, etal. Accelerated singular va-
lue thresholding for matrix completion [ CJ // Proceedings of
ACM SIGKDD International Conference on Knowledge Disco-
very and Data Mining, 2012;298-306

[207 Cai Jian-feng,Osher S. Fast singular value thresholding without
singular value decomposition[J]. Methods and Applications of
Analysis, 2013,20(4) ; 335-352

[21] Donald Goldfarb D, Ma Shi-gian. Convergence of fixed-point
continuation algorithms for matrix rank minimization [J]. Foun-
dations of Computational Mathematics, 2011,11(2):183-210

[22] Ma Shi-qian,Goldfarb D, Chen Li-feng. Fixed point and Bregman
iterative methods for matrix rank minimization [J]. Mathemati-
cal Programming,2011,128(1/2):321-353

[237 Toh K C,Yun S. An accelerated proximal gradient algorithm for
nuclear norm regularized linear least squares problems [J]. Pa-
cific Journal of Optimization,2010,6;615-640

[24] Lin Zhou-chen, Chen Min-ming, Ma Yi, et al. The augmented
Lagrange multiplier method for exact recovery of corrupted low-
rank matrices [ EB/OL]. http:// arxiv. org/pdf/1009. 5055,
2010

[25] Chen Cai-hua, He Bing-sheng, Yuan Xiao-ming. Matrix comple-
tion via an alternating direction method[J]. IMA Journal of Nu-
merical Analysis,2012,32(1):227-245

[26] Yang Jun-feng, Yuan Xiao-ming. Linearized augmented La-
grangian and alternating direction methods for nuclear norm
minimization [J]. Mathematics of Computation, 2013,82(281);
301-329

[27] Keshavan R H, Montanari A, Sewoong Oh, Matrix completion
from a few entries[J]. IEEE Transactions on Information Theo-
ry,2010,56(6) :2980-2998

[28] Dai Wei, Kerman E, Milenkovic O. A geometric approach to low-
rank matrix completion [J]. JEEE Transactions on Information
Theory,2012,58(1) :237-247

[29] Boumal N, Absil P A, RTRMC: A Riemannian trust-region
method for low-rank matrix completion{ C] // Proceedings of
Neural Information Processing Systems (NIPS). 2011

[30] Jain P,Meka R, Dhillon I, Guaranteed rank minimization via sin-
gular value projection [ EB/OL]. http://arxiv. org/abs/0909.
5457,2009

[31] Wen Zai-wen, Yin Wo-tao, Zhang Yin. Solving a low-rank fac-

torization model for matrix completion by a nonlinear successive

¢ 19 -



over-relaxation algorithm[ ] . Mathematical Programming Com-
putation, 2012,4(4);333-361

[327] Zhang De-bing, Hu Yao, Ye Jie-ping, et al. Matrix completion by
truncated nuclear norm regularization{ C] // Proceedings of IEEE
Conference on Computer Vision and Pattern Recognition
(CVPR). 2012:2192-2199

[33] Nie Fei-ping, Huang H, Ding C. Low-rank matrix recovery via
efficient schatten p-norm minimization [ C] // Proceedings of
AAAI Conference on Artificial Intelligence. 2012.655-661

[347] Lee K,Bresler Y. ADMIRA ; Atomic decomposition for minimum
rank approximation[ ] ]. IEEE Transactions on Information Theo-
ry,2010,56(9) :4402-4416

[35] Cai T T, Zhou Wen-xin. Matrix completion via max-norm con-
strained optimization [ EB/OL]. http:// arxiv. org/pdf/1303.
0341v1, pdf,2013

[36] Recht B, Christopher Re C. Parallel stochastic gradient algo-
rithms for large-scale matrix completion [ EB/OL]. http://pa-
ges, cs, wisc. edu/~brecht/papers/11. Rec. Re. IPGM. pdf,2013

[37] sSmzR, 2=, M A R FUER Mg E %]
#2437, 2011,39(2) ; 291-295

[38] Xu Yang-yang, Yin Wo-tao, Wen Zai-wen, et al. An alternating
direction algorithm for matrix completion with nonnegative fac-
tors [ J]. Frontiers of Mathematics in China, 2012,7(2) ; 365-384

[39] M4 BTG F IR R(D]. W& AL HE TR
K#,2012

[40] Mazumder R, Hastie T, Tibshirani R. Spectral regularization al-
gorithms for learning large incomplete matrices{J]. Journal of
Machine [earning Research,2010,11,2287-2322

[41] Mohan K, Fazel M, Iterative reweighted algorithms for matrix
rank minimization [ ]J]. Journal of Machine lLearning Research,
2012,13:3441-3473

[42] Xin Yu, Tommi Jaakkola T. Primal-Dual methods for sparse
constrained matrix completion[ J . Journal of Machine Learning
Research-Proceedings Track,2012,22:1323-1331

[43] Liu Ji,Musialski P, Wonka P, et al. Tensor completion for esti-
mating missing values in visual data[]J]. IEEE Transactions on
Pattern Analysis and Machine Intelligence,2013,35(1):208-220

[44] Signoretto M, Van de Plas, R, De Moor B, et al. Tensor versus
matrix completion;a comparison with application to spectral da-
ta[ J]. IEEE Signal Processing Letters,2011,18(7):403-406

[45] soimai, el ¥ FL4e. SKRBH2 B 8 BRI AR R i
L] BRRE 5 AT, 2011,24(2) : 255-261

[46] Julia C, Sappa A D, Lumbreras F, et al. Rank estimation in mis-
sing data matrix problems|]]. Journal of Mathematical Imaging
and Vision,2011,39;140-160

(L8127

[25] Bilenko M, Mooney R,Cohen W,et al. Adaptive name matching
in information integration[J]. IEEE Intelligent Systems, 2003,
18(5):16-23

[26] Gravano L, Ipeirotis P G,Koudas N,et al. Text joins in an RD-
BMS for web data integration[ C] // Proceedings of the 12th in-
ternational conference on World Wide Web, ACM, 2003;90-101

[27] Gill L. OX-LINK: The Oxford Medical Record Linkage System
[C]1// Proc. Int’ 1 Record Linkage Workshop and Exposition.
1997.15-33

[28] 73365 @B WEE. —HRELMGREEBENZ/ABHEMY
BB LT SRV RIBFAR , 2010, 27(12) 1 4523-4525

[29] Wang J, Li G, Yu J X, et al. Entity matching; how si-
milar is similar[ J]. Proceedings of the VI.DB Endowment, 2011,
4(10):622-633

[30] Herzog T N, Scheuren F J, Winkler W E. Data quality and re-
cord linkage techniques M. Springer, 2007

[31] Verykios V S, Moustakides G V,Elfeky M G. A Bayesian deci-
sion model for cost optimal record matching[J]. The VLDB
Journal,2003,12(1);28-40

[32] Naumann F, Herschel M. An introduction to duplicate detection
[J]. Synthesis Lectures on Data Management,2010,2(1);1-87

[33] Fan W,Jia X, Li J,et al. Reasoning about record matching rules
[J1. Proceedings of the VLDB Endowment, 2009,2(1);407-418

[[34] Cochinwala M, Kurien V,Lalk G,et al. Efficient data reconcilia-
tion[ J]. Information Sciences,2001,137(1):1-15

[35] Christen P. Automatic record linkage using seeded nearest
neighbour and support vector machine classification[C] // Pro-
ceedings of the 14th ACM SIGKDD international conference on
Knowledge discovery and data mining. ACM, 2008;151-159

[36] Christen P, Automatic training example selection for scalable
unsupervised record linkage[ M] // Advances in Knowledge Dis-
covery and Data Mining. Springer Berlin Heidelberg, 2008:511-
518

. 20 L

[37] Arasu A,Go6tz M, Kaushik R, On active learning of record matc-
hing packages{ C] // Proceedings of the 2010 International Con-
ference on Management of Data, ACM, 2010:783-794

[38] Whang S E, Garcia-Molina H. Entity resolution with evolving
rules[J]. Proceedings of the VLDB Endowment, 2010, 3(1/2).
1326-1337

[39] Monge A E. Matching algorithms within a duplicate detection
system[ ] . IEEE Data Engineering Bulletin, 2000,23(4) . 14-20

(407 Hassanzadeh O, Miller R J. Creating probabilistic databases
from duplicated data[ J]. The VLDB Journal— The International
Journal on Very Large Data Bases, 2009,18(5);1141-1166

[417 Herndndez M A, Stolfo S J. The merge/purge problem for large
databases[ C] // ACM SIGMOD Record. ACM, 1995,24(2) :127-
138

[427 Chaudhuri S,Ganti V,Motwani R. Robust identification of fuzzy
duplicates[ C] // Proceedings of 21st International Conference on
Data Engineering 2005. IEEE, 2005 ; 865-876

[43] Kalashnikov D V, Mehrotra S, Domain-independent data clea-
ning via analysis of entity-relationship graph[J]. ACM Transac-
tions on Database Systems (TODS),2006,31(2):716-767

[44] Dong X, Halevy A,Madhavan J. Reference reconciliation in com-
plex information spaces[ C] // Proceedings of the 2005 ACM
SIGMOD International Conference on Management of Data.
ACM, 2005 85-96

(457 Bhattacharya [, Getoor L. Collective entity resolution in relational
data[J7]. ACM Transactions on Knowledge Discovery from Data
(TKDD), 2007,1(1):5

[46] RastogiV, Dalvi N, Garofalakis M. Large-scale collective entity
matching[ ] ]. Proceedings of the VLDB Endowment, 2011, 4
(4):208-218

[47] Fan W. Dependencies revisited for improving data quality[ C]J /
Proceedings of the twenty-seventh ACM SIGMOD-SIGACT-SI-
GART symposium on Principles of database systems. ACM,
2008:159-170



